We stabilized the repetition rate of an optical frequency comb using a self-referenced phase-locked loop. The phase-locked loop generated its error signal with a fiberoptic delay-line interferometer that had a path-length difference of 8 m. We used the stabilized repetition rate to generate a 10 GHz signal with a single-sideband phase noise that was limited by environmental noise to −120 dBc∕Hz at an offset frequency of 1 kHz. Modeling results indicate that thermoconductive noise sets a fundamental phase noise limit for an 8 m interferometer of −152 dBc∕Hz at a 1 kHz offset frequency. The short length of the interferometer indicates that it could be realized as a photonic integrated circuit, which may lead to a chip-scale stabilized optical frequency comb with an ultralow-phasenoise repetition rate.
A multitude of systems, including radar, remote sensing, verylong-baseline interferometry, and quantum information systems, require microwave frequency sources that generate signals at 10 GHz and higher with ultralow phase noise. These systems will benefit from ultralow-phase-noise frequency sources that are compact, inexpensive, and scalable to mass production. Optical cavities, such as ultralow expansion glass FabryPerot cavities or crystalline whispering gallery mode resonators, have been used to generate optical frequencies that are exceedingly stable over short time scales [1, 2] , reaching Allan deviations, for example, of approximately 1 × 10 −16 at 1 s. When these optical frequencies are coherently divided, they produce ultralow-phase-noise microwave signals. Optical frequency combs (OFCs) have emerged as an elegant way to perform this coherent frequency division [3] . This technique has led to the generation of signals at numerous frequencies from 5 MHz to 10 GHz with record-breaking low-phase-noise levels [4, 5] . However, the Fabry-Perot cavities and whispering gallery mode resonators that achieve the lowest phase noise typically require extensive environmental isolation, are hand-manufactured, and cannot be monolithically integrated. These factors result in a frequency source that is necessarily large and expensive.
An alternative approach is to use an optical delay-line interferometer, such as an asymmetric Mach-Zehnder interferometer (AMZI) or Michelson interferometer, to measure the phase noise of the OFC's repetition rate and cancel it in real time using a phase-locked loop (PLL). This technique has been used to narrow the linewidth of continuous-wave lasers to less than 1 Hz [6] [7] [8] [9] and ultimately achieved a frequency stability of 7 × 10 −15 at 1 s using a fiber-optic interferometer with a pathlength difference of 500 m [9] . The technique has also been applied to an OFC in order to generate a 10 GHz signal with a phase noise of −130 dBc∕Hz at 1 kHz offset frequency using a fiber-optic interferometer with a 2 km path-length difference [10] . Because of their simple architecture, delay-line interferometers with short-path-length imbalances can be monolithically integrated using a straightforward and scalable manufacturing process. However, the delay lengths used in the existing literature are too long to be achieved on an integrated platform.
In the work reported in this Letter, we investigated the phase noise limits of the repetition rate of an OFC that was stabilized using a short-path-length AMZI. We used an AMZI with an 8 m path imbalance to generate a 10 GHz signal with a phase noise of −120 dBc∕Hz at a 1 kHz offset frequency. In addition, we developed a model that accounts for environmental, thermoconductive, RF-component, and shot noise. We found that the thermoconductive and RF noise contributions rise as the delay length is decreased, while the environmental and shot noise contributions remain constant. Thus, when using an AMZI-stabilized OFC to generate a low-phase-noise microwave, the phase noise requirements will set a minimum length for the AMZI path imbalance. We compared the model and experimental results and found that the phase noise of the 10 GHz signal was dominated by environmental noise at offset frequencies below 10 kHz and by shot noise at offset frequencies above 10 kHz. Both of these noise sources could be mitigated in future work. The model further indicated that if the environmental and shot noise contributions were mitigated, the ultimate phase noise limitation when using an 8 m long delay would be the thermoconductive noise. We estimated this limitation to be −152 dBc∕Hz at a 1 kHz offset. A path difference of less than 10 m indicates that this stabilization scheme could be realized as a photonic integrated circuit. Low-loss optical delay lines as long as 29 m have been demonstrated using monolithic integrated Si 3 N 4 waveguides [11] . In combination with the development of integrated Kerr-comb OFCs [12, 13] , this technology may provide a small-scale, fully integrated method to generate ultralow-phase-noise microwaves.
The output of an OFC has frequency components at ω N N ω r ω CEO , where N is an integer that is typically of the order of 10 5 , ω r is the OFC's repetition rate, and ω CEO is the OFC's carrier-envelope offset frequency (CEO frequency). Figure 1 shows the experimental setup that we used to stabilize the OFC and generate the 10 GHz signal. The output of a commercially available OFC (Menlo Systems FC-1500, center wavelength of 1550 nm, repetition rate of 250 MHz) was split into two different circuits. The circuit in the yellow box, labeled "10 GHz Out," generated the 10 GHz signal. The light from the OFC illuminated a fast P-I-N photodiode (PD) and excited a photocurrent with frequency components at ω m mω r , where m is an integer. A bandpass filter (BPF) selected the component closest to 10 GHz. The circuit in the blue box, labeled "Rep. Rate Stabilization," stabilized the repetition rate of the OFC by applying negative feedback of the phase noise of ω N to the repetition rate. The phase noise of ω N is a function of both the repetition rate noise and the CEO-frequency noise. Because the contribution of the CEO-frequency noise to the phase noise of ω N is comparable to the contribution of the repetition rate noise, the CEO noise contribution must be removed in order for the stabilization scheme to be effective. To accomplish this removal, we sent the light from the OFC into an acousto-optic frequency shifter (AOFS1). A commercially available 1f − 2f interferometer directly measured the CEO frequency of the OFC. The CEO frequency was fed into the RF input of AOFS1, so that the light that emerged from AOFS1 had frequency components at ω N N ω r , and the frequency shift and phase noise due to the CEO frequency were eliminated from the output of AOFS1 [14] .
The light at the output of AOFS1 was then split by a 50% power coupler. One portion of the light passed through another acousto-optic frequency shifter (AOFS2), which shifted the frequency by 60 MHz in order to allow heterodyne detection.
The other portion of the light propagated through a 40 ns (8 m) hybrid free-space/fiber-optic delay, which could be tuned over a range of 3 ns with a precision of approximately 0.1 ps.
The frequency-shifted and time-delayed components of the light were recombined using a 2 × 2 50% power coupler, thereby creating an AMZI with a path-length difference of 8 m. The output beams of the AMZI illuminated a pair of balanced photodiodes (BPDs), which generated a signal at the heterodyne frequency of 60 MHz. The tunable delay was adjusted to ensure that pulses that traveled different paths in the AMZI overlapped on the photodiodes. The tunable delay would not be required in a chip-based system, where the path-length imbalance could be precisely controlled during fabrication. The 60 MHz output of the balanced photodiodes had the phase noise of the optical signal, as filtered by the transfer function of the AMZI. We used an RF mixer as a phase detector, where the reference was the same signal that drove AOFS2. The output signal of the phase detector passed through a proportional-integral (PI-)loop filter and was fed back to an electro-optic phase modulator (EOM) within the cavity of the OFC in order to stabilize the repetition rate.
In order to identify the dominant noise contributions to the phase of the repetition rate, ϕ r ω, we developed Fourier-domain models that describe each circuit, as depicted in Fig. 2 . We modeled the 10 GHz generation circuit as a frequency multiplier since the signal that emerges from the 10 GHz output is the mth harmonic of the repetition rate.
We modeled the stabilization circuit as a PLL, following the approach of [15] . We considered the effects of three generalized noise sources, which are highlighted by the red boxes. We assumed that the cancellation of both the CEO frequency and heterodyne frequency was complete, so we neglected their noise in the model. The first generalized noise source was the instantaneous phase noise of the repetition rate, ϕ 0 ω. This noise is what the PLL operates to suppress. In addition, all of the RF components, including the mixer and loop filter, introduce noise into the in-loop voltage signal. We represented these noise contributions with an aggregate RF noise term, v RF ω, which we added to the in-loop voltage signal following the phase detector. The final noise source that we considered was the additive optical phase noise of the delay within the AMZI, ϕ opt ω.
At the output of the OFC, we considered the N th harmonic of the repetition rate, which has a phase of N × ϕ r ω. This signal is split in two paths. The signal in one path passes through AOFS2, which we have neglected in this analysis, Fig. 1 . Diagram of the circuit used to stabilize the repetition rate of the frequency comb (blue box) and the circuit used to generate the 10 GHz signal (yellow box). and subsequently enters one arm of a 50% coupler. The signal in the other path passes through the tunable fiber-optic delay, which imparts a group delay of τ 0 and an additive noise term, ϕ opt . The signal subsequently enters the other arm of the 50% coupler. The 50% coupler, BPD, and RF mixer operate together as a phase detector whose output is equal to the difference of the phases of the signals at the input of the coupler multiplied by the phase-to-voltage ratio of the RF mixer, K D . The voltage signal that emerges from the phase detector, v PD ω, is given by
The signal out of the phase detector is added to the voltage noise term v RF ω and passes through the loop filter. The loop filter imparts frequency-dependent gain to the voltage signal with a transfer function of F ω, and the output of the loop filter is fed back into the input of the intracavity EOM. The EOM alters the OFC's repetition rate in proportion to the voltage signal at the output of the loop filter, with a voltage-to-frequency coefficient of K . Hence, the EOM acts as an integrator with respect to the phase of the repetition rate, with a transfer function of K ∕jω. Therefore, we can write a recursive equation for ϕ r ω as
We can use Eq. (1) to solve Eq. (2) explicitly for ϕ r ω as
) where we have defined the loop transfer function
We are interested in the power spectral density (PSD) of the phase, which can be found by taking the square magnitude of Eq. (3). For offset frequencies for which ωτ 0 ≪ 1, we make the approximation
Using Eqs. (3) and (5), the PSD of the repetition rate phase noise, S ϕ;r ω, is
where S ϕ;opt ω is the PSD of the additive optical phase noise, and S v;RF ω is the PSD of the RF components' voltage noise term, v RF ω. We have assumed that the loop filter has an arbitrarily large gain for the offset frequencies of interest, so that the contribution of the instantaneous phase noise can be neglected. We would like to use Eq. (6) to elucidate the dependence of S ϕ;r on the delay length. However, the additive optical phase noise depends implicitly on both N and τ 0 . Consequently, we must consider contributions to the optical phase noise from both environmentally induced fluctuations and spontaneous fluctuations of the group delay through the AMZI. For most offset frequencies of interest, the spontaneous delay fluctuations are well described by spontaneous fluctuations of the temperature, also known as the thermoconductive noise [16, 17] .
Environmental fluctuations impinge upon the tunable fiberoptic delay, so that the instantaneous group delay, τ, is given by τ τ 0 δτ, where τ 0 is the average group delay and δτ represents the environmentally induced fluctuations of the group delay. We assumed that δτ is proportional to the average group delay. Hence, δτ τ 0 δx env , where x env represents the fractional fluctuations of the group delay that result from environmental fluctuations. The group-delay fluctuations lead to an additive phase noise contribution, ϕ env ω, equal to S ϕ;env ω N ω r τ 0 2 S x;env ω:
Hence, we expect the additive phase noise due to environmental fluctuations to be proportional to τ 2 0 . The spontaneous temperature fluctuations cause optical phase noise by the same processes as an external temperature fluctuation does; however, the PSD of the spontaneous temperature fluctuations is inversely proportional to the delay length [16, 17] . Hence, in contrast to the environmental noise, we expect the thermoconductive noise to be proportional to τ 0 . We have
where S TC ω represents the frequency dependence of the thermoconductive noise, which can be found using [17] . We combine Eqs. (6)- (8) to obtain a formula for the noise sources that explicitly includes their dependencies on the delay length. We have
The first term of Eq. (9) shows that the environmental noise contribution to S ϕ;r ω does not depend on the delay length τ 0 . By contrast, the thermoconductive noise is inversely proportional to τ 0 , and the noise contribution of the RF components is inversely proportional to τ 2 0 , so that using a longer pathlength difference in the AMZI would reduce the contribution of these two noise sources. Hence, the length of the delay should be determined, so that the RF and thermoconductive noise contributions are below the phase noise requirement. Equation (9) also elucidates the main advantage of using an OFC in the PLL. The PLL error signal is generated from the phase noise of the optical frequency, N ω r , so that the noise contribution to S ϕ;r ω of the RF components is effectively divided by the large factor N 2 . In addition, the environmental, thermoconductive, and RF noise contributions are inversely proportional to the factor ω 2 , which indicates that the noise contribution will be amplified as the offset frequency decreases, regardless of which noise source is dominant. Since the frequency stability over long time scales is heavily weighted by the phase noise at low offset frequencies, the PLL is less effective at stabilizing the repetition rate over long time scales.
To characterize the performance of the stabilization scheme, we measured the phase noise of the signal emerging from the 10 GHz generation circuit. The results are shown as the black line in Fig. 3 . For offset frequencies above 10 kHz, the phase noise of the OFC-generated signal was approximately −144 dBc∕Hz. For offset frequencies below 10 kHz, its phase noise rose sharply, reaching approximately −120 dBc∕Hz at 1 kHz and approaching −40 dBc∕Hz at 10 Hz. The phase noise level at an offset of 10 Hz indicates that the OFC-generated signal will not have good long-term frequency stability. The peak that occurs at approximately 250 kHz was due to a resonance in the PLL. Its amplitude may be reduced with a more careful design of the loop transfer function. Figure 3 also shows the phase noise of two commercially available low-phase-noise 10 GHz sources: a dielectric resonant oscillator (DRO) distributed by Miteq (boxes) and a multipliedquartz oscillator (GMXO-FR) designed by Wenzel (circles) [18, 19] . For offset frequencies above 1 kHz, the OFC-generated signal has significantly lower phase noise than the DRO but only marginally lower phase noise than the GMXO-FR.
We evaluated Eq. (3) in order to investigate both the current and ultimate limits of this technique and plotted the results in Fig. 3 . In addition to the noise sources in Eq. (3), we also accounted for the shot noise in the PD in the 10 GHz generation circuit. We directly measured the environmentally induced noise by sending the light from a low-phase-noise continuous-wave laser (NKT Photonics Koheras Adjustik) through the AMZI. The measurement was restricted to offset frequencies of 10 Hz-1 kHz because the laser phase noise dominated the measurement at offset frequencies above 1 kHz.
The noise contributions from environmental (green) and shot noise (purple) match the experimentally measured phase noise from offset frequencies of 10 Hz-1 kHz and 10 kHz-1 MHz, respectively. Hence, our system was limited by environmental noise and shot noise. In this work, the impact of the environmental fluctuations was relatively high because acoustics and temperature fluctuations were uncontrolled. The AMZI was placed in open air on a standard air-damped optical table in a laboratory setting with no external enclosure or additional environmental isolation. With careful packaging, we expect that the environmentally induced noise could be reduced. The shot noise level could be reduced by increasing the average optical power of the OFC or by increasing the proportion of the total power in the 10 GHz harmonic. The power in the 10 GHz harmonic could be increased by using an OFC with a higher repetition rate or by using a repetition rate multiplier [20] .
The ultimate limitations of this stabilization technique are determined by the thermoconductive and RF noise contributions, which are shown in Fig. 3 by the red and blue lines, respectively. Both of these noise sources are length dependent; we modeled their expected contributions for the case of an 8 m fiber-optic delay. We estimated the RF noise contribution using a mixer phase-to-voltage gain, K D , of 0.46 V/rad. We attributed the voltage noise, S v;RF , to the thermal noise across the output impedance (500Ω) of the mixer, which resulted in a voltage spectral density of −171 dBV∕Hz. The corresponding contribution to the 10 GHz phase noise is −178 dBc∕Hz at 1 kHz offset frequency. The estimated thermoconductive contribution to the 10 GHz phase noise is −152 dBc∕Hz at 1 kHz offset frequency. Hence, for a delay of 8 m, the thermoconductive noise sets the expected phase noise limitation.
In summary, we used an AMZI with an 8 m path-length difference to stabilize the repetition rate of an OFC. We used the stabilized repetition rate to generate a 10 GHz signal with a phase noise of −120 dBc∕Hz at a 1 kHz offset frequency. We demonstrated that the phase noise in our experiments was limited by environmental noise at offset frequencies below 10 kHz and by shot noise at offset frequencies above 10 kHz. We described a model whose results indicate that, if the environmental and shot noise are mitigated, an OFC stabilized by an 8 m delay could generate a 10 GHz signal with a phase noise of −152 dBc∕Hz at 1 kHz offset. The use of a path-length difference of less than 10 m points the way toward realizing this technique as a photonic integrated circuit. 
